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Abstract
Within the framework of modified gravity model namely Slotheon model, inspired by the theory of
extra dimensions, we explore the behaviour of Dark Energy and the perturbations thereof. The Dark
Energy and matter perturbations equations are then derived and solved numerically by defining
certain dimensionless variables and properly chosen initial conditions. The results are compared
with those for standard quintessence model and ΛCDM model. The matter power spectrum is
obtained and also compared with that for ΛCDM model. It appears that Dark Energy in Slotheon
model is more akin to that for ΛCDM model than the standard quintessence model.
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1 Introduction
In modern cosmology one of the most challenging problems is to explain the late time acceler-
ation of the Universe. In 1998 it was first discovered by using Supernova Type Ia observation
[1],[2] that the Universe is not only expanding, it is accelerating. Since then many obser-
vations like Cosmic Microwave Background Radiation observation [3]-[7], baryon acoustic
oscillations measurement in galaxy power spectrum [8],[9], large scale structure observation
[10]-[12] have also supported this phenomenon of late time acceleration of the Universe. In
order to describe this accelerated expansion cosmologists have introduced the concept of
Dark Energy, a component with negative pressure, which contains ∼ 68.5% of the total
energy density of the Universe at the present epoch.
As mentioned, the pressure acts opposite to that of gravity so as to accelerate the Universe
in opposition to the tendency of an eventual gravitational collapse due to the mass present in
the Universe. Several theoretical models have since been proposed for explaining the origin
and nature of the mysterious Dark Energy and consequent late time acceleration. There
are attempts to introduce this Dark Energy by the cosmological constants in the framework
of Einstein’s equations and the Friedmann equations that follows for FRW cosmology [13]-
[18]. However from the point of view of particle physics the cosmological constant naturally
arises as an energy density of the vacuum, but if Λ originates from a vacuum energy density,
then one has to make a fine tuning of the theoretical result of order 10121 [13], [33], [19].
Cosmological constant Λ is also associated with another theoretical problem, namely cosmic
coincidence problem [20]. These have motivated to study other Dark Energy models to
explain late time acceleration of the Universe. There are efforts where Dark Energy density
is not considered to be a constant but of varying in nature and to explain such a time
varying Dark Energy or quintessence Dark Energy [21]a scalar field in a scalar potential
[22] that changes as time progresses have been invoked. Various scalar field Dark Energy
models have been studied in detail in literature [23]-[27]. Other attempts to explain this
late time acceleration includes modification of Einstein’s gravity in the large scale due to
the presence of large extra dimensions [28]. There are various proposals in the literature of
higher dimensional models [29] to explain recent cosmic acceleration.
The Dark Energy and the inhomogeneity in the Dark Energy field are addressed by
studying the Dark Energy perturbations [30],[31]. This is related to the perturbations of
space time [32]-[34] as also the perturbations of the scalar field that may be considered to
account for the Dark Energy. The study of cosmological perturbations is also important
because the matter and other perturbations that are derived from a proposed theory have
direct consequences in accounting for the matter power spectrum.
In the present work we investigate the late time acceleration by a scalar field namely
Slotheon [35],[36] field inspired by extra dimensional models. A Slotheon field arises out of
the Dvali, Gabadadze and Porrati (DGP) [37] model related to brane world. At the limit
when Planck mass Mpl →∞ and rc →∞, where rc is a cross over scale for transition from
4-dimension to 5-dimension (1 extra dimension), this theory in the Minkowski space time can
be described by a scalar field [38],[39], where the field obeys a shift symmetry (Galileon shift)
[38]. Here the strong coupling scale of the DGP model given by (r2c/Mpl)
1/3 [38] remains
fixed. A suitable scalar field that describes this symmetry when extended to the curved
space time [40] is termed as Slotheon scalar field. We calculate in the present work the
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general relativistic perturbations [34],[41] for Slotheon field model and derive the analytical
expression for fractional matter density perturbation, fractional density perturbation of the
Slotheon field considered and other relevant quantities. Evolution of these perturbations are
also worked out and shown in detail in the present work. Finally the matter power spectrum
for the Slotheon field is computed and shown.
This paper is organised as follows. In section 2, we discuss the background evolution of the
Universe for Slotheon field model, in section 3 we talk about first order general relativistic
perturbation equations and there solutions. Section 4 is devoted to the calculations of
evolution of different perturbative quantities with time considering the Slotheon field. In
section 5 we investigate the effect of the Slotheon field on the matter power spectrum and
finally in section 6 a summary and discussions are given.
2 Background Evolution for Slotheon Field
Slotheon field is a scalar field model inspired by a model in theories of extra dimensions,
which is a class of modified gravity models and can be an alternative way to explain the late
time acceleration of the Universe. As mentioned earlier the Slotheon model follows from the
DGP model with one extra dimension.
Writing down the DGP action in Minkowski space time in terms of a scalar field pi (called
the Galileon field) and then writing the equations of motion up to the second order derivative
of pi the theory is made free from the ghost degrees of freedom. The scalar field pi, which is
called the Galileon field obeys a shift symmetry
∂µpi → ∂µpi + cµ , (1)
termed as Galileon shift symmetry. The Galileon shift symmetry in the flat Minkowski space
time can also be given by pi → pi + a + bµxµ, where a and bµ are denoting a constant and
a constant vector respectively. The Slotheon field is obtained when the Galileon shift is
extended to curved space time [40]. Here we work with a Slotheon field which is described
in what follows.
The Lagrangian L = −1
2
gµνpi;µpi;ν +
Gµν
2M2
pi;µpi;ν (pi;µ denotes the covariant derivative of
pi, Gµν is the Einstein’s tensor while gµν is the metric and M being an energy scale) remains
invariant under this shift in curved space time. By adding standard Einstein-Hilbert term to
the Lagrangian density L and a non trivial potential for pi, one obtains a rich gravitational
theory, with some interesting properties. The field pi moves slower in this theory than in the
scalar field theory described by the Lagrangian L = −1
2
gµνpi;µpi;ν . For this reason pi is called
a Slotheon field.
The Slotheon action is given as [35]
S =
∫
d4x
√−g
[
1
2
(
M2plR−
(
gµν − G
µν
M2
)
pi;µpi;ν
)
− V (pi)
)
+ Sm
[
ψm; e
2βpi/Mplgµν
]
, (2)
where M2pl =
1
8piG
is the reduced Planck mass, M is an energy scale and Sm is the action
for the matter field. In the above R is the Ricci scalar, ψm is the matter field that couples
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to the field pi with a dimensionless coupling constant β. It can be noted here that without
the term
Gµν
2M2
pi;µpi;ν , the action of Eq. (2) is similar to the action of a standard quintessence
scalar field [13]. Variations of this action with respect to the metric and the field pi yield the
following equations of motion respectively
M2plGµν = T
(m)
µν + T
(pi)
µν , (3)
pi + 1
M2
[
R
2
pi −Rµνpi;µν
]
− V ′(pi) = − β
Mpl
T (m) , (4)
where T
(m)
µν , T
(pi)
µν are energy momentum tensors of dust like particles and the field respectively.
In what follows we will not consider T
(r)
µν (energy momentum tensor for radiation) in this
work since the initial conditions adopted in the present work do not include the radiation
dominated era as is described later. In this case
T (pi)µν = pi;µpi;ν −
1
2
gµν(∇pi)2 − gµνV (pi) + 1
M2
(
1
2
pi;µpi;νR− 2pi;αpi(;µRαν )
+
1
2
pi;αpi
;αGµν − pi;αpi;βRµανβ − pi;αµpiα;ν + pi;µνpiα;α +
1
2
gµν
(
pi;αβpi
;αβ − (piα;α)2 + 2pi;αpi;βRαβ
))
.
(5)
In spatially flat Friedmann Robertson Walker (FRW) background with the assumption that
the coupling constant β = 0, the equations of motion take the form
3M2plH
2 = ρm +
p˙i2
2
+
9H2p˙i2
2M2
+ V (pi) , (6)
M2pl(2H˙ + 3H
2) = − p˙i
2
2
+ V (pi) + (2H˙ + 3H2)
p˙i2
2M2
+
2Hp˙ip¨i
M2
, (7)
0 = p¨i + 3Hp˙i +
3H2
M2
(
p¨i + 3Hp˙i +
2H˙p˙i
H
)
+ Vpi . (8)
Here dot represents derivative w.r.t. time and double dot represents double derivative w.r.t.
time. The derivative of V (pi) w.r.t pi is given as Vpi. It can be noted that pi field is slower than
a canonical scalar field and hence the name Slotheon. The slowing of the field is entirely
due to gravitational interaction. In the present analysis we adopt an exponential form of the
potential V (pi) given by
V (pi) = V0exp
(
− λpi
Mpl
)
, (9)
where λ is a constant.
3 Perturbations for the Slotheon Field
In the present work the cosmological perturbations for both the Slotheon field and the matter
are carried out in the longitudinal gauge or Newtonian gauge [42]. The scalar perturbed
metric under this framework is given by [32],[41]
ds2 = −(1 + 2Φ)dt2 + a2(t)(1 + 2Ψ)δijdxidxj , (10)
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where a(t) is the scale factor, Φ is gravitational potential and Ψ is the perturbation in the
spatial curvature. The anisotropic stress is assumed to be zero and therefore Φ = −Ψ [42].
Under this circumstance the perturbed metric can be completely described by a single scalar
variable Φ. It is assumed that the baryonic matter, dark matter etc. can be described as
perfect fluid so that the energy momentum tensor is written as
T µν = (ρ+ p)u
µuν + pδ
µ
ν , (11)
where ρ, p, uµ are respectively the energy density, pressure density and four velocity of the
fluid. The perturbations in these and the Slotheon field pi are defined as
ρ(t,−→x ) = ρ¯(t) + δρ(t,−→x ) , (12)
p(t,−→x ) = p¯(t) + δp(t,−→x ) , (13)
uµ = u¯µ + vµ , (14)
pi(t,−→x ) = p¯i(t) + δpi(t,−→x ) . (15)
In the above ξ¯(t) ( where ξ(t,−→x ) = ρ(t,−→x ), p(t,−→x ), uµ, pi(t,−→x )) are the respective quantities
for the homogeneous and isotropic background Universe and δξ(t,−→x ) denotes their respective
perturbations. Note that vµ is perturbation of uµ in Eq. (14).
It is considered that perturbations are very small, therefore with δT µν to be the pertur-
bation for T µν and using Eq. (11) one obtains, after neglecting second and higher order
terms,
δT 00 = −δρ (16)
δT 0i = −δT i0 = (ρ¯+ p¯)vi (17)
δT ij = δpδ
i
j . (18)
For the Slotheon field tensor T
(pi)
µν , the perturbations δT 00 , δT
0
i , δT
i
j are calculated using Eq.
(5) and with Eqs. (16 - 18) we now have,
δρpi = − 1
a3M2
[−a3M2δpiVpi + p˙i (2a˙∇2(δpi)− δp˙i(a3M2 + 9aa˙2)
+p˙ia
(
a2M2Φ−∇2Φ + 9a˙(aΦ˙ + 2Φa˙)
))] (19)
(ρ¯pi + p¯pi)vi = − p˙i
a2M2
[
−2aδp˙ia˙+ δpi(a2M2 + 3a˙2) + a(aΦ˙ + 3Φa˙)p˙i
]
|i (20)
δppi =
1
a3M2
[
−a3M2δpiVpi + p˙i
(
−2a2δp¨ia˙+ a(−a2M2Φ + a2Φ¨ +∇2Φ− Φii)p˙i
+a˙(∇2(δpi)− δpiii + 2a(3aΦ˙ + Φa˙)p˙i) + aδp˙i(−a˙2 + a(aM2 − 2a¨))
+4Φp˙ia¨a2
)
+ a(∇2δpi − δpiii − 2aδp˙ia˙+ 2a(aΦ˙ + 4Φa˙)p˙i)p¨i
]
.
(21)
In the above δρpi, vi, δppi are respectively the first ordered perturbed energy density, peculiar
velocity and pressure density of the Slotheon field pi. Also in the above, |i signifies the co-
variant derivative with 3 spatial coordinate, δpiii and Φii are the double covariant derivatives
of δpi and Φ respectively w.r.t the spatial co-ordinate xi.
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3.1 Linearised Perturbation Equations
The perturbed Einstein’s equation is given by
δGµν = 8piGδT
µ
ν , (22)
where δGµν and δT
µ
ν are perturbed Einstein’s tensor and perturbed energy momentum tensor
respectively. Solving Eq. (22) for the perturbed space time metric (Eq. (10)) we obtain the
linearised Einstein’s equations. The equations can now be written in the Fourier space by
suitable Fourier decompositions of Φ, δρi, δpi etc and replacing ∇2 by −k2. The equations
then take the form [42]
3H2Φ + 3HΦ˙ +
k2Φ
a2
= −4piG
∑
i
δρi (23)
k2(Φ˙ +HΦ) = 4piGa
∑
i
(ρ¯i + p¯i)θi (24)
Φ¨ + 4HΦ˙ + 2H˙Φ + 3H2Φ = 4piG
∑
i
δpi . (25)
It is to be mentioned here that for simplicity we have kept the notations of the quantities
Φ, δρi, δpi etc unchanged while writing them in the Fourier space. Here the summation
over i represents the summation of the perturbations of the matter component (both dark
matter and baryonic matter) and the perturbation of the Slotheon field. In what follows
matter perturbations are designated by subscript m and perturbations for Slotheon field are
designated by subscript pi. Since dust like particles have negligible pressure fluctuations, only
Slotheon field contributes to the pressure density perturbations. The velocity gradient θ in
the above takes the form θ = i
−→
k · −→v in the Fourier space, k being the wave number defined
as k = 2pi
λp
with λp being the length scale of the perturbations. All perturbed quantities
in the above equations correspond to the perturbations of the kth mode. The dynamical
equation for δpi can be obtained from the Slotheon action (Eq. (2)) for the perturbed space
time metric (Eq. (10)),
1
M2
[
Hp˙i
k2Φ
a
+ 18Φa˙3p˙i − 2a¨k2δpi + 2a˙p˙ik2Φ− 3a˙3δp˙i +H2a(−k2δpi) + p˙ik
2Φ˙
a
− a3M2Vpipiδpi+
2M2a3Φ(Vpi + 2p¨i) + 4a
3M2p˙iΦ˙ + p˙ia3k2Φ˙− a3M2δp¨i + 36a2Φp˙iHa¨+ 18Φa3H2p¨i −M2ak2δpi
+2p¨iak2Φ− 6a2Ha¨δp˙i + 30a3H2p˙iΦ˙ + 2p˙iak2Φ˙− 3a3H2δp¨i + 12a3M2ΦHp˙i + 6p˙ia2a¨Φ˙
−a3H(3M2δp˙i + 6p¨iΦ˙− p˙ik2Φ− 6p˙iΦ¨)
]
= 0 .(26)
In the above Vpipi is the double derivative of the potential V (pi) w.r.t. pi. Defining fractional
density perturbation as
δ =
δρ
ρ¯
. (27)
The quantity δ is computed for matter as well as Slotheon field by using the Eqs. (23 - 26).
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3.2 Dimensionless Variables and Initial Conditions
In order to solve the perturbation equations numerically one needs to define certain dimen-
sionless variables and adopt certain well motivated initial conditions for these variables.
To this end the following dimensionless variables will be useful for solving the background
equations (Eq. (6 - 8)) and the linearised perturbed equations (Eqs. (23 - 26)).
x =
p˙i√
6HMpl
(28)
y =
√
V (pi)√
3HMpl
(29)
λ = −Mpl Vpi
V (pi)
(30)
 =
H2
2M2
(31)
q =
δpi
dpi
dN
. (32)
In the above N = ln(a) is the number of e-foldings. Using these dimensionless variables
in the Eqs. (6 - 8) and Eqs. (23 - 26) the following autonomous system of equations are
constructed
dx
dN
=
P√
6
− x H˙
H2
(33)
dy
dN
= −y
(√
3
2
λx+
H˙
H2
)
(34)
d
dN
= 2
H˙
H2
(35)
dλ
dN
=
√
6xλ2(1− Γ) (36)
dq
dN
= q1 (37)
dΦ
dN
= Φ1 (38)
dq1
dN
= δpif − qH˙
xH2
dx
dN
− 2q1
x
dx
dN
− q1 H˙
H2
(39)
dΦ1
dN
=
δpf
4
− 4Φ1 − 2 H˙
H2
Φ− 3Φ− Φ1 H˙
H2
, (40)
where Γ = V Vpipi
V 2pi
and
P =
3(12
√
6x3− 6x4β(1 + 18) + y2λ+ β(−1 + y2) +√6x(−1− 6y2))
1 + 6(1 + x2(−1 + 18))
+
3x2(−6y2λ+ β(1− 6(−4 + y2)))
1 + 6(1 + x2(−1 + 18)) , (41)
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H˙H2
=
12
√
6x3β(1 + 18)− 3x2(1 + 6)(1 + 18) + (1 + 6)(−3 + 3y2)
2 + 12(1 + x2(−1 + 18))
+
12
√
6x(y2λ+ β(−1 + y2))
2 + 12(1 + x2(−1 + 18)) , (42)
In this work it is considered that dimensionless coupling constant β = 0 (as mentioned
before).
δpf =
δppi
M4
=
6
√
6λqxy2− 42
(
H˙
H2
x+ dx
dN
)
(6x (3Lq − 3Liq − 8Ψ− 2Ψ1))
1− 6x2−108x22
6+1
+
42
(
H˙
H2
x+ dx
dN
) (
12(q dx
dN
+ q1x)
)
1− 6x2−108x22
6+1
+
12x
(
24 d
dN
+ (6+ 1)(2(3− 2 H˙
H2
)+ 1)
) (
q dx
dN
+ q1x
)
6+ 1
1
1− 6x2−108x22
6+1
−36xΨ(2)
3
(
a2Lx+ Lx
a2
+ 2(L dx
dN
+ 3x)
)
6+ 1
1
1− 6x2−108x22
6+1
−
2x
6+ 1
(6xΨ(2(72+ 19) + 1)− 72Lqx(6+ 1)) 1
1− 6x2−108x22
6+1
+
2x
6α+ 1
(
8
√
6Ψ(2
√
6
dx
dN
(9+ 1)− 3λy2)
)
1
1− 6x2−108x22
6+1
−12LxΨ1
a2
− 12a2LxΨ1+ 3qx
(
4L
d
dN
+ (6+ 1) (Li − L)
)
24x2
6+ 1
1
1− 6x2−108x22
6+1
+xΨ
(
(6+ 1)
(
2 + 4
H˙
H2
− 3L+ 3Li + 4
)
− 72 d
dN
)
24x2
6+ 1
1
(1− 6x2−108x22
6+1
)
+2Ψ1
(
x(3((6− 4(L+ 7))− 2 d
dN
+ 1)− 4) + 12 dx
dN

)
24x2
6+ 1
1
(1− 6x2−108x22
6+1
)
−32a2 (2(9Ψ+ Ψ) + 3(2)(LΨ−Ψ1)) 6ax
2
a2(6+ 1)
1
(1− 6x2−108x22
6+1
)
+4a2 ((6+ 1)− 24)
(
−2 H˙
H2
Ψ− 3Ψ− 4Ψ1
)
6ax2
a2(6+ 1)
1
(1− 6x2−108x22
6+1
)
+8aq2
(
− 3y
2
√
6x
dλ
dN
+ 3y2λ2
)
6ax2
a2(6+ 1)
1
(1− 6x2−108x22
6+1
)
(43)
In the above L = k
2
3a2H2
and Li =
k2i
3a2H2
, where ki is the ith component (i = x, y, z) of k.
Considering that the Universe is isotropic we assume for the present calculations that the
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Lx = Ly = Lz =
L
3
.
δpif =
δp¨i
H2
dpi
dN
=
6
√
6
(
LxΦ + a4LxΦ6a2xΦ + 2a2L
dx
dN
Φ
)
− 3a2√6Lqx
a2x
√
6(1 + 6)
+
−6a2√6Lqx(3+ d
dN
) + a2
(
4
√
6
dx
dN
Φ(1 + 9) + 4
√
6xΦ(2 + 9(+
d
dN
))− 6y2λΦ
)
a2x
√
6(1 + 6)
+
−3a2√6
(
1 + 2(3+
d
dN
)
)(
q1x+ q
dx
dN
)
+
√
6
(
−6xa2Φ1(−H˙H2 + 1)2
)
a2x
√
6(1 + 6)
+
√
6
(
6Φ1Lx+ 6Φ1a
4Lx+ 2Φ1a
2
(
6
dx
dN
+ 2x+ 6x(7 + L) + 3x
d
dN
))
a2x
√
6(1 + 6)
+
√
6
(
a2xΦ( H˙
H2
+ 1)(4 + 36+ 12L) + a2qx( 3y
2√
6x
dλ
dN
− 3λy2)
)
a2x
√
6(1 + 6)
+
12
√
6a2x
(
δpf
4
− 4Φ1 − 2 H˙H2Φ− 3Φ
)
a2x
√
6(1 + 6)
, (44)
The Initial Conditions
The autonomous equations (Eqs. (33 - 40)) are solved by adopting certain initial condi-
tions for the background quantities as well as for the perturbed quantities. We choose the
initial conditions at red shift z ' 1100, i.e., at the early matter dominated Universe. We
consider thawing Dark Energy models [43], [44] for the Slotheon field. In a thawing model,
the equation of state (EOS) ωpi starts deviating from a frozen initial value of −1 with the
progress of time. The initial conditions for thawing model indicate that xi, the initial value
of dimensionless quantity x (Eq. (28)), is close to zero. In this case we take a very small
value of xi. The initial value yi of y (Eq. (29)) is so chosen that the Dark Energy density
parameter Ωpi and the matter density parameter Ωm attain the values of around 0.70 and
0.30 respectively at the present epoch. The initial value λi of λ (Eq. (30)) that determines
the slope of the potential V (pi) is adopted to be 0.7. The initial value i of  (Eq. (31)) is
treated as a parameter (it may be noted that the change in i in fact indicates the change
in the energy scale M). The variable  contributes to the Slotheon term
Gµν
2M2
pi;µpi;ν .
It is observed that when the initial value xi ∼ 0 the results do not change significantly
with the change of xi, whereas the results are very sensitive to the choice of yi. Noting that
the dimensionless variable  related to the Hubble parameter H0 (as Eq. (31)), the initial
values of  are so chosen that at the present epoch H0 attains a value of around 67.4 km s
−1
Mpc−1 [45].
At a very early epoch of matter dominated Universe, there was no or negligible contri-
bution of Dark Energy to the matter energy content of the Universe. In the present content,
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therefore Slotheon field had insignificant contribution at that era. In the present calcula-
tions we adopt small values for qi and q1i, where at the initial epoch q (Eq. (32))= qi and
q1(q1 =
dq
dN
, Eq (37)) = q1i. For choosing initial value of the gravitational potential we first
write the Poisson’s equation for gravitational potential (in Fourier space ∇2 = −k2)
k2Φ = −4piGa2
∑
i
ρ¯iδi . (45)
Now in the early matter dominated epoch Ωm = 1 and Ωpi = 0. Thus the initial condition
of Φ can be obtained from the relation
Φi = −3
2
H2i
k2
a3i , (46)
where Φi is the initial gravitational potential. In Eq. (46), it is considered that during
matter dominated era matter density contrast δm is proportional to a. It is known that
during the matter dominated era, Φ is almost constant. Thus at this epoch Φ1(Φ1 =
dΦ
dN
,
Eq. (38))= Φ1i = 0.
4 Numerical Solutions and Results
The autonomous system of equations (Eqs. (33 - 40)) are solved numerically using the initial
conditions mentioned above and considering an exponential form for the potential V (pi) as
given in Eq. (9).
4.1 Equation of State and Density Parameters
From the Einstein’s equations of the background space time (Eqs. (6 - 8)), density parameter
Ωpi(=
ρ¯pi
ρc
) of the field pi and the matter density parameter Ωm(=
ρ¯m
ρc
), ρc is the critical density
of the Universe, are obtained as
Ωpi = y
2 + x2(1 + 18) (47)
Ωm = 1− y2 − x2(1 + 18) , (48)
where x, y etc. are defined in Eqs (28-32). The effective EOS (ωeff) is derived as
ωeff =
ptotal
ρtotal
= −1− 2H˙
3H2
, (49)
where ptotal = pm + ppiandρtotal = ρm + ρpi. Hence for the flat FRW Universe, EOS ωpi of the
Slotheon field pi takes the form
ωpi =
ωeff
Ωpi
. (50)
Using these equations, evolution of density parameters as with scale factor a and the evolution
of ωpi with redshift z are calculated and the results are plotted in Fig. 1.
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Figure 1: (a) Variation of density parameters with scale factor a. (b) Variation of EOS of
the Slotheon field with redshift z.
From Fig. 1(a) it is seen that Ωm is equal to 1 and Ωpi is equal to zero at the early
matter dominated Universe. As the Universe undergoes evolution with time (a increases)
the matter density depletes where as the Dark Energy density (The Slotheon field density
in the present work) grows. The cross over occurs at the epoch when a ∼ 0.77 after which
Dark Energy component starts dominating over the matter component of the Universe. This
may be noted that the value of redshift z at crossover point (a ∼ 0.77, Fig. 1(a)) is z ∼ 0.3.
Thus the phenomenon of Dark Energy domination and the consequent late time acceleration
of the Universe happens at a recent cosmological past. Also from Fig. 1(a) this can be seen
that at the present epoch (a = 1) Ωpi ' 0.7 and Ωm ' 0.3.
In Fig. 1(b) the variations of the EOS ωpi for the Slotheon field pi with redshift z are shown
for four different initial values of , i = 10
7, 2.5× 107, 4.5× 107, 6.5× 107. Similar variations
for the standard quintessence field are also shown in the same figure for comparison. One
can see from Fig. 1(b) that for higher values  the nature of the plots tend to ΛCDM value
−1 and move away from that of quintessence. This can be explained by the fact that the
Slotheon term causes an extra slow roll to the scalar field pi and hence the scalar field with the
Slotheon term has more affinity towards the ΛCDM than the canonical scalar field without
this term.
4.2 Density Fluctuations of Matter Field and Slotheon Field
We solve numerically the autonomous set of equations (Eqs. (33 - 40)) and obtain the
variations of the gravitational potential Φ, the density perturbation δpi of the Slotheon field
and the matter density contrast δm with the scale factor and the results are shown in Figs.
2-4. For these calculations the adopted initial values of different quantities are discussed in
sect 3.
In Fig. 2 the evolution of the gravitational potential Φ with the scale factor a are plotted
for the three initial conditions of , namely 2.5× 107, 4.5× 107, 6.5× 107. Similar variations
of Φ are also shown for the standard quintessence field for comparison. We also compute
the evolution of gravitational potential Φ with a for the ΛCDM model and the results are
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plotted in same figure (Fig. 2). From Fig. 2 it is observed that in the early matter dominated
epoch Φ is constant but as the Dark Energy component begins to contribute significantly,
the gravitational potential suffers depletion. Note that in the early epoch when there is
negligible contribution of the Dark Energy component both the Slotheon and cosmological
constant model behave identically in terms of the variation of Φ with a. But this is not so
in later time when the Dark Energy component gradually increases. This is also to mention
that the size of the perturbation for all the calculations in this section is taken to be 5× 102
Mpc.
Figure 2: Evolution of gravitational potential with scale factor for the Slotheon field
The density fluctuations δpi and δm of Slotheon field pi and matter respectively are cal-
culated by using the linearised Einstein’s equations (Eqs. (23 - 26)) in terms of the dimen-
sionless variables given in Eqs. (28 - 32) and they are given as follows
δpi =
1
Ωpi
(√
6qλy2x− 24qLx2 − 2x2q1 − 2qx dx
dN
− 36x2q1
−36qx dx
dN
+ 2x2Φ + 12x2LΦ + 72x2Φ + 36x2
dΦ
dN
)
. (51)
δm = − 1
Ωm
(2LΦ + 2Φ + 2Φ1)− δpi Ωpi
Ωm
(52)
In Fig. 3 the perturbations δpi (perturbation of Dark Energy considered in this work)
with a are plotted for i = 2.5× 107, 4.5× 107, 6.5× 107. As in Fig. 2 similar variations for
standard quintessence field and ΛCDM are also shown for comparison. It can be observed
from Fig. 3 that at the early matter dominated epoch δpi is zero, as expected. But with
time (higher scale factor) the perturbation of Dark Energy deviates from zero and gradually
increases with the rise in the contribution of Dark Energy.
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Figure 3: Evolution of the density fluctuation of the Slotheon field with scale factor
Fig. 4 shows the evolution of matter density perturbation δm with the scale factor a for
the same initial values of  adopted in Fig. 2 and 3. Quintessence and ΛCDM results are also
shown for comparison. Here to at the initial stage δm is small and grows almost linearly in
the matter dominated epoch, thus δm ∼ a in the matter dominated era. This growth appears
to be depleted to some extent in the Dark Energy dominated epoch (a & 0.77). Note that
δm in the Slotheon model coincides with that of ΛCDM and standard quintessence models
in the early Universe but they deviate more with time.
Figure 4: Evolution of matter density fluctuations with scale factor for Slotheon field
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5 The Effect of the Slotheon Field on the Matter Power
Spectrum
In this section we explore the effect of the Slotheon Dark Energy perturbations on the
matter power spectrum of the Universe. We compute the matter power spectrum with the
Slotheon field and compare it with the same obtained from ΛCDM model. For ΛCDM model,
cosmological constant Λ is constant and there are no Dark Energy perturbations, but in the
Slotheon model, with evolving equation of state ωpi, the Dark Energy perturbations play
important role in the nature of the power spectrum.
Matter power spectrum is defined as the average of the modulus square of the matter
density fluctuation δm(k, a) and is given by [42]
Pm = 〈|δm(k, a)|2〉 . (53)
We compute the matter power spectrum Pmslotheon for Slotheon field and that (PmΛCDM)
for ΛCDM model using equations in section 3 and Eqs. (51 - 52). We define a percentage
suppression X for the Slotheon power spectrum w.r.t. the power spectrum obtained from
ΛCDM model as
PmΛCDM − Pmslotheon
PmΛCDM
× 100 = ∆Pm
PmΛCDM
× 100 = X . (54)
Figure 5: Variations of the suppressions for the Slotheon power spectrum w.r.t. the ΛCDM
power spectrum, with wave number k
In Fig. 5 we plot the variations of X with k for i = 6.5 × 107 at z = 0. Three such
variations corresponding to three different fixed values of λi, namely λi = 0.5, 0.7, 1, are
shown in Fig. 5. From Fig. 5 it is seen that in general for lower values of k the percentage
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suppressions X is more which slowly diminishes as k increases. For example for λi = 0.7, the
suppression X ∼ 2% for k = 10−3Mpc−1 but X is reduced to 1.8% when k = 4×10−2 Mpc−1.
This may be mentioned in the passing that for larger k values (around k & 0.1h Mpc−1)
non linearity set seen [46] and linear perturbation treatment may not be useful. From Fig.
5 it can also be noted that X decreases with the decrease of λi. It is expected because λ is
related to the slope of the potential V (pi) (Eq. (9)). Hence more λi decreases, more flat the
potential V (pi) tends to be and consequently approaches to ΛCDM model (which is based
on a flat potential). It can also be mentioned from Fig. 5 that power spectrum for Slotheon
field is not much different from ΛCDM power spectrum since the maximum suppression is
only ∼ 3.8% even for λi = 1.
6 Summary and Discussions
The Dark Energy and late time acceleration of the Universe are addressed in this work by
considering a type of scalar field, namely Slotheon scalar field, in a modified theory of gravity.
Slotheon field is inspired by extra dimensional models at the dimensional cross over limit
when Planck scale Mpl → ∞ and the theory is extended to curved space time. In order to
address the inhomogeneities of Dark Energy and their evolutions, quantities such as matter
density fluctuations, the perturbations of the scalar field etc. are worked out in this work.
All the perturbation equations are then solved numerically.
The evolution of Dark Energy density Ωpi for the Slotheon scalar field pi in the potential
V (pi) and the matter density Ωm are calculated. The epoch of transition from matter domi-
nated phase of the Universe to Dark Energy dominated phase (cross over epoch) is found to
be at z ' 0.3 for the Slotheon Dark Energy considered here. The evolution of Dark Energy
equation of state (ωpi) is also calculated. The Dark Energy in the Slotheon field is considered
to be a thawing type Dark Energy.
The perturbation equations for the Slotheon field and matter are then derived with a
suitable metric and from Einstein’s equations and they are solved numerically. This is done
to study the evolution of Dark Energy density perturbations for the present case of Slotheon
scalar field Dark Energy as well as evolution of matter perturbations in the same framework.
These results are then compared with those for standard quintessence Dark Energy model
of a scalar field and ΛCDM model for which the Dark Energy has a constant magnitude Λ.
A crucial component for all the studies and calculations is to choose proper initial con-
ditions for the dimensionless variables. In the present work all the choices of such initial
conditions are justified with proper arguments. For evolution of gravitational potential
and the evolution of matter perturbations, we find that although in the early Universe the
Slotheon model results coincide with those of ΛCDM and general quintessence it deviate
away in later time. The Dark Energy density fluctuations deviate from zero with time as
the Dark Energy density grows in the Universe. From the calculations and analysis in the
present work it appears that the behaviour of Dark Energy from Slotheon model is more
akin to the results of ΛCDM model than that from general quintessence model.
The nonlinear power spectrum can be obtained by considering the second order pertur-
bations. This is for posterity.
16
Acknowledgements
One of the authors (U.M.) acknowledges the CSIR, grant (NO. 09/489(0106)/2017-EMR-
I). U.M. also thanks A.A. Sen for some useful comments and suggestions.
References
[1] A.G. Riess et al., Supernova Search Team collaboration, Astron. J. 116, 1009 (1998).
[2] S. Perlmutter et al., Supernova Cosmology Project collaboration, Astrophys. J. 517,
565 (1999).
[3] D.N. Spergel et al., WMAP collaboration, Astrophys. J. Suppl. 148, 175 (2003).
[4] G. Hinshaw et al., WMAP collaboration, Astrophys. J. Suppl. 148, 135 (2003).
[5] P.A.R. Ade et al., Planck collaboration, Astron. Astrophys. 594, A20 (2016).
[6] P.A.R. Ade et al., Planck collaboration, Astron. Astrophys. 594, A13 (2016).
[7] A. Melchiorri et al., Astrophys. J. 536, L63 (2000).
[8] T. Delubac et al., BOSS collaboration, Astron. Astrophys. 574, A59 (2015).
[9] M. Ata et al., Mon. Not. Roy. Astron. Soc. 473, 4773 (2018).
[10] E. Hawkins et al., Mon. Not. Roy. Astron. Soc. 346, 78 (2003).
[11] A.C. Pope et al., Astrophys. J. 607, 655 (2004).
[12] M. Tegmark et al., Phys. Rev. D 69, 103501 (2004).
[13] E.J. Copeland, M. Sami and S. Tsujikawa, Int. J. Mod. Phys. D 15, 1753 (2006).
[14] S. Weinberg, Rev. Mod. Phys. 61, 1 (1989).
[15] T. Padmanabhan, Phys. Rep. 380, 235 (2003).
[16] P.J. Peebles and B. Ratra, Rev. Mod. Phys. 75, 559 (2003).
[17] V. Sahni and A. Starobinsky, Int. J. Mod. Phys. D 9, 373 (2000).
[18] T. Padmanabhan, Curr. Sci. 88, 1057 (2005).
[19] J. Martin, Comptes Rendus Physique 13, 566 (2012).
[20] P.J. Steinhardt, L.-M. Wang and I. Zlatev, Phys. Rev. D 59, 123504 (1999).
[21] S. Tsujikawa, Class. Quant. Grav. 30, 214003 (2013).
[22] B. Ratra and P.J.E. Peebles, Phys. Rev. D 37, 3406 (1988).
17
[23] R.J. Scherrer and A.A. Sen, Phys. Rev. D 77, 083515 (2008); [44] T. Chiba, Slow-Roll
Thawing Quintessence, Phys. Rev. D 79, 083517 (2009); I. Zlatev, L.-M. Wang and
P.J. Steinhardt, Phys. Rev. Lett. 82 896 (1999);L. Amendola, Phys. Rev. D 62, 043511
(2000); V. Sahni and L.-M. Wang, Phys. Rev. D 62, 103517 (2000); F. Perrotta, C.
Baccigalupi and S. Matarrese, Phys. Rev. D 61, 023597 (1999); M. Wali Hossain, R.
Myrzakulov, M. Sami and E.N. Saridakis, Int. J. Mod. Phys. D 24 1530014 (2015);
P. G. Ferreira and M. Joyce, Phys. Rev. D 58, 023503 (1998); P. J. Steinhardt, Phil.
Trans. Roy. Soc. Lond. A 361, 2497 (2003); A. D. Macorra and G. Piccinelli, Phys.
Rev. D 61, 123503 (2000);L. A. Urea- Lpez and T. Matos, Phys. Rev. D62, 081302
(2000);S. Sen and T. R. Seshadri, Int. J. Mod. Phys. D 12, 445 (2003;C. Rubano and
P. Scudellaro, Gen. Rel. Grav. 34, 307 (2002); S. A. Bludman and M. Roos, Phys. Rev.
D 65, 043503 (2002); A. Albrecht and C. Skordis, Phys. Rev. Lett. 84, 2076 (2000); Z.
K. Guo, N. Ohta and Y. Z. Zhang, Phys. Rev. D 72, 023504 (2005); A. R. Liddle and
R. J. Scherrer, Phys. Rev. D 59, 023509 (1998).
[24] R.R. Caldwell, Phys. Lett. B 545, 23 (2002); E. Elizalde, S. Nojiri and S.D. Odintsov,
Phys. Rev. D 70, 043539 (2004); J. Hao and X. Li, Phys. Rev. D 68, 043501 (2003); V.
K. Onemli and R. P. Woodard, Phys. Rev. D 70, 107301 (2004); S. No- jiri and S. D.
Odintsov, Phys. Letts. B 562, 147 (2003); S. M. Carroll, M. Hoffman and M. Trodden,
Phys. Rev. D 68, 023509 (2003); P. Singh, M. Sami and N. Dad- hich, Phys. Rev. D 68,
023522 (2003); P. H. Frampton, Mod. Phys. Letts. A 19, 801 (2004); J. Hao and X. Li,
Phys. Rev. D 67, 107303 (2003); P. Gonzlez-Daz, Phys. Rev. D 68, 021303 (2003); M.
P. Dabrowski, T. Stachowiak and M. Szyd lowski, Phys. Rev. D 68, 103519 (2003); W.
Fang, H. Q. Lu, Z. G. Huang, and K. F. Zhang, Int. J. Mod. Phys. D 15, 199 (2006);
S. Nojiri and S. D. Odin- stov, Phys. Rev. D 72, 023003 (2005); S. Nesseris and L.
Perivolaropoulos, Phys. Rev. D 70, 123529 (2004); S. Nojiri and S. D. Odinstov, Phys.
Rev. D 70, 103522 (2004); E. Elizalde, S. Nojiri and S. D. Odin- stov, Phys. Rev. D 70,
043539 (2004); S. Nojiri, S. D. Odinstov and S. Tsujikawa, Phys. Rev. D 71, 063004
(2005); Z. K. Guo, N. Ohta and Y. Z. Zhang, Mod. Phys. Lett. A 22, 883 (2007).
[25] A. Sen, JHEP 04, 048 (2002) 048; A. Sen, JHEP 07 065 (2002) 065; G.W. Gibbons,
Phys. Lett. B 537 (2002); E.J. Copeland, M.R. Garousi, M. Sami and S. Tsujikawa,
Phys. Rev. D 71 043003 (2005); C. Armendariz-Picon, V.F. Mukhanov and P.J. Stein-
hardt, Phys. Rev. Lett. 85 4438 (2000); T. Padmanabhan, Phys. Rev. D 66, 021301
(2002) J. S. Bagla, H. K. Jassal and T. Padmanabhan, Phys. Rev. D 67, 063504 (2003);
H. K. Jas- sal, Pramana 62, 757 (2004); J. M. Aguirregabiria and R. Lazkoz, Phys. Rev.
D 69, 123502 (2004); T 117, 70 (2005); V. Gorini, A. Ka- menshchik, U. Moschella and
V. Pasquier, Phys. Rev. D 69, 123512 (2004); G. W. Gibbons, Class. Quan. Grav. 20,
S321 (2003); C. Kim, H. B. Kim and Y. Kim, Phys. Lett. B 552, 111 (2003); G. Shiu
and I. Wasserman, Phys. Lett. B 541, 6 (2002); D. Choud- hury, D. Ghoshal, D. P.
Jatkar and S. Panda, Phys. Lett. B 544, 231 (2002); A. Frolov, L. Kofman and A.
Starobinsky, Phys. Lett. B 545, 8 (2002); A. Das, S. Gupta, T. Deep Saini and S. Kar,
Phys. Rev. D 72, 043528 (2005); G. Calcagni, A. R. Liddle, Phys. Rev. D 74, 043528
(2006).
18
[26] C. Armendariz-Picon, V.F. Mukhanov and P.J. Steinhardt, Phys. Rev. D 63, 103510
(2001); A.D. Rendall, Class. Quant. Grav. 23, 1557 (2006); T. Chiba, Phys. Rev. D 66,
063514 (2002); M. Malquarti, E.J. Copeland, A.R. Liddle and M. Trodden, Phys. Rev.
D 67, 123503 (2003); L.P. Chimento and A. Feinstein, Mod. Phys. Letts. A 19, 761
(2004); R.J. Scherrer, Phys. Rev. Letts. 93, 011301 (2004).
[27] M.C. Bento, O. Bertolami and A.A. Sen, Phys. Rev. D 66, 043507 (2002); A. Dev, D.
Jain and J. S. Alcaniz, Phys. Rev. D 67, 023515 (2003).
[28] G. Gabadadze, CERN TH/2003-157; O. Klein, Z.F. Physik, 37, 895 (1926); N. Arkani-
Hamed, S. Dimopoulos and G.R. Dvali, Phys. Lett. B 429, 263 (1998); N. Arkani-
Hamed, S. Dimopoulos and G. R. Dvali, Phys. Rev. D 59, 086004 (1999); L. Randall
and R. Sundrum, Phys. Rev. Lett. 83, 4690 (1999).
[29] K. Uzawa and J. Soda, Mod. Phys. Letts. A 16, 1089 (2001); C.P. Burgess, Int. J. Mod.
Phys. D 12, 1737 (2003); K.A. Milton, Grav. Cosmo. 9, 66 (2003); P.F. Gonzlez-Daz,
Phys. Letts. B 481, 353 (2000); M.R. Garousi, M. Sami and S. Tsujikawa, Phys. Rev.
D 70 (2004) 043536; G.R. Dvali and G. Gabadadze, Phys. Rev. D 63, 065007 (2001).
[30] S. Unnikrishnan, H.K. Jassal and T.R. Seshadri, Phys. Rev. D78, 123504 (2008).
[31] B.R. Dinda, Md. W. Hossain and A.A. Sen, JCAP 01, 045 (2018).
[32] S. Dodelson, Modern cosmology, Academic press, San diego, California (2003).
[33] S. Weinberg, Cosmology, Oxford University press, New York, (2009).
[34] A. Das, Lectures on Gravitation, World Scientific, Singapore, (2011).
[35] D. Adak, A. Ali and D. Majumdar, Phys. Rev. D 88, 024007 (2013).
[36] C. Germani, L. Martucci and P. Moyassari, Phys. Rev. D 85, 103501 (2012); D. Adak
and A. Ali, Int. J. Mod. Phys. D 26, no. 09, 1750089 (2017).
[37] G. Dvali, G. Gabadadze, and M. Porrati, Phys. Lett. B 485, 208 (2000).
[38] M.A. Luty, M. Porrati, and R. Rattazzi, JHEP 0309, 029 (2003).
[39] B. Jain and J. Khoury, Ann. Phys. 325, 1479 (2010).
[40] C. Germani, L. Martucci and P. Moyassari, Phys. Rev. D 85, 103501 (2012).
[41] H. Kurki-Suonio, ”Cosmological Perturbation Theory, Part 1” (Lecture Notes), (2015).
[42] L. Amendola and S. Tsujikawa, Theory and Observations of Dark Energy, Cambridge
University press, New York, (2010).
[43] R. R. Caldwell and E. V. Linder, Phys. Rev. Lett. 95, 141301 (2005).
[44] R.J. Scherrer and A.A. Sen, Phys. Rev. D 77, 083515 (2008); T. Chiba, Phys. Rev. D
79, 083517 (2009).
19
[45] N. Aghanim et al., Planck Collaboration, arXiv:1807.06209 [astro-ph.CO].
[46] M.W. Hossain, Phys. Rev. D 96, 023506, (2017); A. Barreira, B. Li, W.A. Hellwing,
C.M. Baugh and S. Pascoli, JCAP 10, 027, (2013).
20
